The possibility that parts of the Earth's continental lower crust can be described with stochastic geological models has been suggested for some time. Recent studies of deeper well logs also indicate a possible stochastic structure at mid-crustal levels. This motivates a closer examination of the relation between the statistics of reflection wavefields and that of the lower crust. Such a relation can put important constraints on possible lower crustal models. This study follows up earlier efforts to quantify the statistics of both stochastic lower crustal models and the reflected wavefield. Since modelling of the seismic response of stochastic (von Karman) fields implies the usage of the impedance contrast field of the latter, we wish to compare the second-order statistics of both types of fields (velocity and impedance). This study concludes that the vertical derivative operator on a von Karman velocity field, implicitly present in the impedance contrast field, alters the second-order horizontal von Karman statistics of the velocity fields in a profound way. Wavefield effects, undoubtedly present in observed seismic data, which have earlier been proposed as possible causes for the aforementioned change, seem to play a secondary role. The vertical derivative operation, inherent in the impedance contrast field, reduces the estimated horizontal scale length and Hurst number by a factor of 2-22 and 1-3, respectively. Original vertical scale length and Hurst number of the velocity fields have a (quasi-)linear influence on this underestimation. Horizontal scale lengths and Hurst numbers were also estimated from the seismic response (Primary Reflectivity Section) of the von Karman fields. The values obtained are close to those obtained from the causative impedance contrast fields, and are similarly underestimated. This suggests a dominant role for the vertical derivative operator in the underestimation of horizontal scale length and Hurst number. This attempt to quantify the relation between the horizontal spatial statistics of von Karman fields and the estimates derived from their seismic response, may be useful in upscaling the latter.
I N T RO D U C T I O N
Information regarding the structure of the continental lower crust is obtained mostly through seismics. The precise nature of the continental lower crustal fabric has remained somewhat elusive though, through the years. Of late, the possibility of a (partially) stochastic structure, rather than a purely determinsitic (layered) one, has gained some support. A considerable part of the published literature on analysis of (deep) borehole-logs and continental lower crustal exposures points towards the possibility of a stochastic structure, that exhibits power-law scaling. Better quality deep seismic reflection profiles are now available and also seem to support these ideas, with strong and complex reflectivity being visible in the time/depth range of mature continental lower crust. Delineating way as the suspected causative velocity field, one can attempt to relate the statistics of the former (response) to the statistics of the latter. In several earlier studies, processed and migrated synthetic reflection data have been used in attempts to ascertain this relationship: Gibson (1991) , , , Hurich (1996) . The stochastic parameters used in this approach are often the horizontal and vertical correlation lengths and a parameter controlling the power-law scaling of the field, such as the Hurst number. These parameters together constitute a fractal description of the structure of the velocity field. Two additional parameters are often used to describe the distribution of velocities in such a field, for example, their average and standard deviation. Physically, one can think of the correlation lengths as characteristic scale lengths of heterogeneities in a field and the Hurst number as a measure of the 'roughness' of lithological interfaces between the heterogeneities. Velocity variations are directly responsible for impedance contrasts, which, in turn, give rise to the seismic reflection response (backscatter) .
From such synthetic studies as mentioned above, using lateral correlation functions of both the input velocity field and its backscattered seismic response, an approximate relation between the two sets of estimated parameters can be established. Then, stochastic parameters for continental lower crust, estimated from deep seismic reflection data, could be used as constraints on structure. Such information may prove to be useful for classification and/or diagnostic purposes.
Some earlier studies regarding the wavefield-parameters estimated from synthetic seismic data report a systematic underestimation of horizontal scale length (by about a factor of 3-6) and overestimation of Hurst number (by about a factor of 2) for the field (Hurich 1996; Pullammanappallil et al. 1997; Bean et al. 1999; Hurich & Kocurko 2000; Poppeliers & Levander 2004) . Apparently, seismic data (response) from a stochastic field 'sees' smaller and smoother random heterogeneities. Possible causes proposed for this include the band-limited nature of the source wavelet in the seismic data and wavefield effects, for example, wave front healing, multiple scattering etc. Rough (low Hurst number) features could get smoothed by source wavelet averaging & wave front healing, and large scale horizontal events could get smaller through destructive interference by multiple scattering. Further, horizontal bandwidth in the wavefield is determined for a large part by whether the data has been migrated or not, and the quality thereof. Change of horizontal bandwidth after migration influences the observed horizontal statistics directly.
While these are reasonable explanations, the question arises whether these effects are profound enough to cause underestimations by a factor 3-6 in the estimated horizontal scale lengths of heterogeneities. In some of these studies, it is stated, that the seismic data to be analysed should resemble a single scattered, perfectly migrated and processed seismic section to be suitable for proper estimation of stochastic parameters. In other studies this condition is not explicitly stated, but still the synthetic data used often comes from weakly scattering stochastic fields and is processed and migrated 'perfectly' before estimation of stochastic parameters. Even under such 'ideal' processing conditions with very little disturbing wavefield effects, the strong underestimation in estimated horizontal scale length remains. This leads us to speculate, that other mechanisms may also be important in causing this underestimation of scale lengths. In this paper, we would like to investigate in detail, the role played by the spatial derivative-with respect to depth-of the stochastic velocity field, implicit in obtaining the seismic response of the latter.
Modelling of the (near vertical) seismic response implicitly involves computing impedance contrasts, that is, taking spatial derivative of velocity. We wish to examine the influence of this implied operation on the estimation of structural stochastic parameters of the velocity field, by means of both analytical and numerical experiments. The results should give a better understanding of the observed underestimation of scale length and overestimation of Hurst number, and could provide a method of upscaling the estimates. The latter would improve the reliability of stochastic imaging of continental lower crust from deep reflection data.
S T O C H A S T I C F I E L D S
In this section, we take a brief look at the generation and usage of stochastic fields for seismic modelling purposes. Most of the material has been already described in earlier publications. For clarity we summarize the essential theory underlying much of the results and conclusions in this paper. Also explained are some practical considerations used by us. Lastly, many symbols and abbreviations will be used further on; the most important ones are summarized in Table 1 .
2-D stochastic field parametrization -structure
A recipe for creating a discrete 2-D stochastic velocity field V (x, z) can be described as follows (Goff et al. 1994 ).
(i) Define a 2-D power spectrum as a discrete signal.
(ii) Take the square root of this signal. (iii) Give the signal a uniformly random phase φ. (iv) Perform an inverse FFT to obtain a field.
Because of the uniformly random phase φ, the resulting field has velocities which obey a normal distribution, in this case we enforce zero mean and unit variance. The structure, and hence the autocorrelation of the field, is according to the power spectrum used. This power spectrum can, for example, be Gaussian, exponential or von Karman. We will proceed with the von Karman power spectrum, as this has been taken to be representative for the structure of some parts of the Earth's continental lower crust by earlier workers Holliger et al. 1993; Levander et al. 1994; Holliger & Levander 1994a,b; Goff & Levander 1996; Holliger 1996; Dolan et al. 1998; Line et al. 1998; Goff & Holliger 1999) .
The analytic 2-D von Karman power spectrum is expressed by:
which corresponds to a 2-D autocorrelation function in the space domain (Goff & Jordan 1988) :
Here:
K ν (r ) being the second modified Bessel function of fractional order ν, and,
is the Gamma function and ν is the Hurst number. 
= a x /ã x , underestimation factor for horizontal scale length Furthermore, a x is the horizontal correlation length, a z is the vertical correlation length k x is the horizontal wavenumber, 2π/x k z is the vertical wavenumber, 2π/z k is the weighted radial wavenumber, k 2 x a 2 x + k 2 z a 2 z x is the horizontal autocorrelation lag (and the x-coordinate of the stochastic field) z is the vertical autocorrelation lag (and the z-coordinate of the stochastic field) r is the weighted radial autocorrelation lag, x 2 /a 2 x + z 2 /a 2 z . An example of a 2-D discrete von Karman velocity field V (x, z) is shown in Fig. 1 . Note the lack of periodicity in the heterogeneities and their self-similar character. Fig. 2 contains a horizontal (x) crosssection through the 2-D autocorrelation function from eq. (2). This cross-section describes the horizontal structure present in the velocity field in Fig. 1 .
In eq.
(1), we have emphasized the word analytic, because most investigations involving von Karman spectra are carried out using their discretized version. The discretized von Karman power spectrum is band-limited by the lowest wavenumber k 1 and the highest wavenumber k N (Nyquist wavenumber). A third important wavenumber is the corner wavenumber k a = 1/a x (corresponding in x to 2πa x ). Above k a , the power spectrum exhibits power- law decay, which governs power-law (fractal) scaling of structure in the space domain. Below k a , the power spectrum behaves as a white spectrum. The corner wavenumber can be deduced intuitively from the power spectrum function (1)-the power-law scaling commences at the point where k x a x ≈ 1. All of the above holds for z as well.
However, band-limiting the infinitly broad-band von Karman power spectrum poses some challenges to proper discretization, especially at the extreme bounds.
Since the infinitely broad-band analytic power spectrum is, in general, not zero at the Nyquist wavenumber and beyond, spatial aliasing or edge effects may be anticipated near the highest wavenumber k N . A way to tackle this problem and to avoid aliasing and sinc-functionlike effects in the space domain, is described by Goff & Jennings (1999) . However, we sample von Karman fields densely ( x = 16 m) and use relatively large (>100 m) correlation lengths. In this situation, the power spectrum will have nearly decayed to zero at the relatively high Nyquist wavenumber. We expect, therefore, the aforementioned effects to have minor influence on the band-limited fields.
There also exists a possible problem at the lowest wavenumber k 1 . Since the 2-D fields have finite sizes, the largest spatial structures (wavelengths) described by the infinite broad-band von Karman power spectrum might not be sampled sufficiently. This is reflected in the Fourier domain, where the spectral spacing ( k x ) is inversely proportional to the finite horizontal size of the field. Ideally, the discretized field should be infinitely large and k x should be 0. However, with finite spectral intervals, the behaviour of the smaller k x (largest wavelengths) in the analytic von Karman power spectrum is passed over by the first sampled wavenumber k 1 (= k x ), not counting the zero (DC) wavenumber k 0 of course. And so, the field might lack the behaviour of the smallest theoretical wavenumber content after discretization, an effect possibly also observed by Hurich & Kocurko (2000) . We have not considered this effect, as infinitely large 2-D fields are not practical.
2-D stochastic field parametrization -velocities
As mentioned in the previous subsection, the discrete 2-D von Karman fields generated for this study initially have velocities following a normal, or Gaussian, distribution (Fig. 3) . Often however, parts of the Earth's continental lower crust that are to be described with such structures are thought to have a limited number of dominant lithotypes (Goff et al. 1994; Levander et al. 1994) . A limited number of lithotypes can also explain the observed strong reflectivity, as large velocity and density jumps occur in discrete steps. To account for these discrete velocity values in a 2-D von Karman field, modality is introduced by means of mapping the normally distributed velocities to modal ones, H i , through probabilities p i . This modal mapping affects the correlation lengths and Hurst numbers of the original continuous fields, which has been documented by Goff et al. (1994) . Geological reality is certainly multimodal, ternary and higher modal velocity fields being more representative for continental lower crustal models. However, in this study we use only bimodal fields for simplicity, although some ternary fields are also being investigated by us. In Section 4.3, we will deal with the quantitative changes due to the introduction of modality.
E S T I M AT I N G H O R I Z O N TA L S C A L E L E N G T H A N D H U R S T N U M B E R

Lateral correlation measurements
If one assumes that a target velocity field, subject to analysis, has von Karman statistics, the relevant structural parameters for the latter can be estimated in a straight-forward way. Here, we are focussing on retrieval of the horizontal correlation length a x and Hurst number ν only. Resolving the vertical correlation length a z is not attempted in this study because this parameter is not easily accessible in seismic data that, in the end, we wish to relate to von Karman fields. Further, estimation of background velocity V 0 and (standard) deviations H i is also not our objective in this study. From now on we shall refer to correlation lengths as 'scale lengths', because in band-limited fractal fields these lengths give the threshold below which powerlaw scaling occurs in the field. Also, we will refer to original velocity fields with a von Karman structure as Original von Karman Velocity fields, or 'OV-fields'. Later on, we shall be using Impedance Contrast fields, or 'IC-fields', as representatives for the vertical derivative of OV-fields (Table 1) .
There are several ways of estimating the horizontal scale length and the Hurst number of a (suspected) OV-field. An intuitive estimation method is to calculate an average 1-D lateral (horizontal) correlation function in a data window of N × M samples (based upon the function c(l) from ).
Consider:
where p(x i , z j ) is a discrete 2-D field or seismic signal, l is the autocorrelation lag in x-direction and τ is the autocorrelation lag in z-direction (or time-direction). (l, τ ) is a 2-D autocorrelation function normalized to 1. Its decay with l at zero τ -lag, (l, 0), represents M 1-D autocorrelations in the x-direction (each at zero τ -lag), that are summed over the z-direction and then normalized to 1. Hence (l, 0) is an average 1-D lateral (horizontal) correlation curve for the entire N × M window. One can fit an analytic 1-D von Karman autocorrelation function (or equivalently, C(r (x, 0)), that is, the function (2) for z = 0) to (l, 0). This is performed using a model-space grid-search and an L2 norm misfit to estimate the most likely parameters a x and ν that describe the horizontal (lateral) von Karman structure of the OV-field. Starting from a 2-D OV-field, generated with the properties from Sections 2.1 and 2.2, an example of a computed lateral correlation function and its best fit 1-D von Karman function can be seen in Fig. 4 . The corresponding L2-norm misfit in the model parameter grid after a fit-procedure is displayed in Fig. 5 . Note the strong trade-off between a x and ν. This might seem worrysome, but we will demonstrate later that the trade-off does not significantly affect the robustness of the best fit values for a x and ν. Some authors (Pullammanappallil et al. 1997; Bean et al. 1999 ) employ other methods, like performing a L2-norm fit in the Fourier domain by fitting 1-D k x − t power spectra, averaged over a window, to an analytic 1-D von Karman power spectrum (Fig. 6 ). Our method is equivalent, but is carried out in the space domain instead of the k x − t Fourier domain. Hurich & Kocurko (2000) also perform leastsquares fitting in the space domain. The analytic 1-D von Karman power spectrum that others use to fit their data with, is the exact Fourier transform of the 1-D autocorrelation C(r (x, 0)) (eq. 2) that we use for the fit. Our choice for the space domain comes from the fact that we calculate function (5) in the space domain. Using cyclic FFT for this purpose has computational advantages, but these are counter-balanced by the need for expensive zero-padding to avoid wrap-around effects.
Seismic response of von Karman fields
Many studies have been done regarding the estimation of stochastic parameters of the field from its modelled seismic response (Wu & Aki 1985; Frankel & Clayton 1986; Hurich 1996; Pullammanappallil et al. 1997; Bean et al. 1999; Hurich & Kocurko 2000; Poppeliers & Levander 2004 ). The outcome of these studies suggests that the original stochastic parameters used to generate the fields, are (partially) retained in their seismic response-in this case the von Karman parameters. This could offer an alternate method of interpreting complex seismic reflection data. Also, possible imaging of OV-fields from seismic data appears plausible using established statistical relations. However, the values for horizontal scale length a x and Hurst number ν reported in the literature mentioned above are in general underestimated and overestimated, respectively. This implies that the seismic data 'sees' smaller and smoother heterogeneities in the field than the latter actually contains. Part of this phenomenon can be explained by the effect of seismic bandwidth on k x power spectra of seismic response (Bean et al. 1999) , and additional wavefield effects, for example, wavefront healing, multiples, focussing/defocusing, migration bandwidth, to name a few. We suspect however, that another mechanism plays an important role in this erroneous estimation of von Karman parameters for the field.
The role of the vertical derivative operator
Accurate modelling of seismic wavefields is a pre-requisite for a better analysis of real reflection data, and for understanding the results. Seismic wavefield modelling inherently implies using the spatial derivative of the velocity field. Finite Difference for example, a suitable candidate to model seismic scattering in random fields (Wu & Aki 1988) , employs the spatial derivative of velocity fields (Kelly et al. 1976) . Also, synthetic seismograms are often created by convolution of a source wavelet with an impedance contrast series, and these series in turn consist of the vertical derivative of a velocity field. A Primary Reflectivity Section (PRS) is such a synthetic seismogram, and is widely used as a reference seismogram because it represents a series of 1-D, vertical incidence, primaries only, synthetic seismic traces (Gibson & Levander 1990 ). Claerbout (1985) considers the PRS to be an ideal seismic image.
If one wants to model wavefields through stochastic velocity fields, one has therefore, to use spatial derivatives of the latter. Taking the spatial derivative of a discrete OV-field is straightforward, but has some important implications. As is clear from eq. (2), the x-and z-dependencies in the 2-D OV-fields cannot be separated out, as in (say):
If such was the case, the vertical derivative (with respect to z) could be written as:
where the vertical derivative does not affect the dependency on x, G(x). Rather, 2-D OV-fields have the functional form:
where the vertical derivative is of the form:
The cross-terms in (9) indicate that the vertical derivative fields, associated with the OV-fields, can expect modification of horizontal properties as a result of the vertical derivative operation. In other words, taking the vertical derivative of a 2-D OV-field not only changes its statistics as a function of z, but also as a function of x. In the Fourier domain, this means that both the k z and k x spectra of a vertical derivative field differ from the corresponding spectra for the OV-field from which it was derived. Since the seismic response of OV-fields implies vertical derivative operation of the latter, one may expect to find the (near) vertical seismic response for OV-fields to contain altered horizontal (k x ) power spectra with respect to that of the OV-fields, an effect caused purely by the vertical derivative operator. This alteration of the k x power spectrum can have significant implications for horizontal scale length analysis of the seismic response of OV-fields. As far as known to us, this effect has not been systematically investigated earlier.
Creating impedance contrast (IC-) fields
We wish to compare the estimated scale length and Hurst number of the OV-field to those estimated after the application of the vertical derivative operator. The estimations will be done using (l, 0) (eq. 5) and the L2-norm fit. IC-fields (example in Fig. 12 ) are defined using the relation (from Poppeliers & Levander (2004) ):
where I C(x, z) is the resulting impedance contrast field V (x, z) is the original von Karman velocity (OV) field ∂ z is the vertical derivative operator V 0 is the average, or background velocity ρ 0 is the background density Strictly speaking, the IC-field is related to the vertical derivative of the OV-field through a constant multiplication factor, assuming V 0 and ρ 0 to be constant. This factor does not affect the computed lateral correlations (eq. (5)) later on, because the latter are all normalized to 1. Computing the lateral correlation function of a vertical derivative field is, in other words, tantamount to computing the same for the associated IC-field. In the following, we shall use the term IC-field for both these fields.
The vertical derivative of discrete OV-fields, ∂ z V (x, z), is calculated using a standard 2-point symmetric expression, as described by Press et al. (1992) (chapter 5, Section 5.7):
If (10) and (11) are seen in conjunction, one can recognize the standard formulation for normal incidence reflectivity, as expressed by the well-known Zoeppritz equations. We have tested alternate expressions for the derivative to rule out possible biasing of our results due to this choice. For example, we have tested multiplication with −ik z in the Fourier domain and also used a 3-point expression. However, these alternatives yielded (very close to) the same results as the 2-point expression we employ. Further, because of the symmetry in this 2-point derivative there is no 'sample jump' to the left or to the right.
E F F E C T O F T H E V E RT I C A L D E R I VAT I V E O P E R AT O R
We will now investigate the effect of the vertical derivative operator, on the scale length analysis of OV-fields, with both analytical and numerical experiments. The analytical experiments involve continuous as well as modal OV-fields, whereas the numerical experiments deal only with modal OV-fields. Note that only the numerical experiments contain computed estimations; the analytical experiments result in a qualitative comparison. Effects due to the modal velocity distribution on the fields will be elucidated in the Numerical experiments setup subsection.
Analytical investigation setup
In our analytical approach, the autocorrelation of an OV-field V (x, z) is represented by its analytic 2-D power spectrum (eq. (1)) in the Fourier domain, with input parameters a x , a z and ν. This can be written as the product of the V (x, z)'s 2-D Fourier spectrum with its complex conjugate: Then the 2-D power spectrum of the IC-field, using eq. (10), is:
which differs from the original by a factor of ρ (1), it then follows that:
with k being k 2 x a 2 x + k 2 z a 2 z . Since we want to estimate the horizontal scale length a x and the Hurst number ν, we only need the 1-D k x von Karman power spectrum and have to integrate the 2-D power spectrum over k z . Such an analytic integration over k z in the Fourier domain is equivalent to a summation over the k z -index in a discrete case, as Pullammanappallil et al. (1997) and Bean et al. (1999) do. The result of both operations is an average 1-D k x von Karman power spectrum, where the k z properties of the 2-D field are projected onto the k x dimension. For proper comparison we normalize all power spectra to 1 after integration.
Analytical investigation results
Resulting 1-D k x power spectra, after analytic integration over k z and normalization to 1, are displayed in Figs 7-10. Figs 7 and 8 contain the integrated 1-D power spectra of the OV-field, Figs 9 and 10 show the integrated 1-D power spectra of the corresponding IC-field. The power spectra are plotted in log-log space for ease of display. This emphasizes the corner wavenumber k a (= 1/a x ) and the roll-off power ν. A constant value of a x (= 800 m) has been used for these cases, the corresponding k a is indicated on all the figures by a vertical arrow on the x-axis. Associated with the individual curves are input values for a z and ν, whereby input a z and ν are varied in turn to examine their influence on the curves. Figs 9 and 10 show some interesting results: compared to the OV-field, k a is much higher (and thus a x much lower) for the IC-field. Also, input a z and ν of the 2-D OV-field have a profound influence on the behaviour of a x after taking the derivative over z.
The 1-D k x power spectra of the OV-field (Fig. 7) show no dependence on input a z (the deviations in the tail of the power spectrum at large k x are artefacts that are caused by limited integration boundaries of k z ). Predicted corner wavenumber k a coincides with the observed 'corner'. The spectra also show the expected behaviour with respect to input ν (Fig. 8); higher input ν gives a higher roll-off power. So a x of the OV-field is not affected by the input values of a z and ν, as expected, since a x , a z and ν are independent parameters.
The 1-D k x power spectra in Figs 9 and 10 of the IC-field exhibit a different behaviour altogether. To begin with, the 1-D IC-field power spectra do show von Karman behaviour, as can be seen from the typical shape of the plots with corner wavenumber and Hurst roll-off. However, k a is much larger here and inversely, a x is much smaller. A larger value of input a z results in a smaller a x , while increasing the input value of ν causes a larger effective a x . Also, increasing input a z gives a somewhat smaller ν and higher input ν gives a higher roll-off power, although less than it should be. Taking the vertical derivative of a OV-field clearly gives input a z and ν an important role in the horizontal scale length and Hurst number of the resulting IC-field. The factor ρ 2 0 1 4V 2 0 k 2 z in the integration of the IC 2-D von Karman power spectrum (eq. 14) is obviously the link in this process. The influence of input a z and ν is sometimes exchangeable, further experiments are needed to constrain these influences. This can be done by applying many input parameter-variations to create a detailed multidimensional mapping in parameter space of the estimations.
Numerical experiments setup
Numerical experiments were also performed to verify the analytical results. Here, only modal OV-fields were used, as they are expected to better represent the geology, and could be easily implemented. Every OV-field used for this investigation is random, that is, has random phase φ, even though some of them may have the same stochastic parameters (scale lengths, Hurst number) as other ones. Each individual field can be considered as one realization of a stochastic process governed by the chosen von Karman parameters. The aim of the following experiments is to use a large number of OV-realizations, compute the corresponding IC-fields and compare the estimated a x and ν of the two types of fields. The large number of realizations should ensure robust conclusions. We also wish to assess the significance and error margins of the estimated parameters from the OV-and IC-fields, for this purpose many realizations are needed as well; 100 realizations were used per experiment (800 realizations in all). A pre-requisite for the successful estimation of horizontal scale length and Hurst number from IC-fields, is that they retain von Karman statistics in horizontal direction. That this is the case, is displayed in Fig. 11 , where the computed lateral correlation function of the IC-field of Fig. 12 is shown. Note the typical von Karman decay. This observation agrees with the corresponding observation in the analytical experiment, where the horizontal von Karman statistics were also preserved in the IC-field, albeit in the Fourier domain.
8 suites of experiments are designed to investigate different aspects of the relation between OV-fields and the IC-fields. The choices for the structure and velocities of the OV-fields are such that these can be considered representative for some observed continental lower crustal sections (Ivrea type continental lower crust Holliger ). The fields we generate are all 32768 m wide (x), 4096 m thick (z), they are sampled every 16 m ( x and z) and thus have 2048 × 256 gridpoints. Also, the fields have a bimodal velocity distribution with deviations of ±150 m s −1 from a background velocity V 0 = 6150 m s −1 . In terms of the earlier discussion in the Section 2.2, this means p 1 = p 2 = 50 per cent (each). IC-fields are computed from the OV-fields using eq. (10). For the IC-fields, ρ 0 is chosen to be 1 kg m −3 for simplicity, but other constant values for ρ 0 do not change our results.
As Goff et al. (1994) describe in their paper, during the process of making continuous OV-fields modal, scale lengths and Hurst number get affected. These effects have been quantified in that paper, and have been verified by several authors, amongst others Douma & Roy-Chowdhury (2001) . Bimodalization of a OV-field decreases the effective Hurst number of the resulting OV-field by roughly a factor 1/0.5. More precisely, the actual factor varies somewhat, it is close to 1/0.5 for continuous Hurst numbers ν ≤ 0.5, and steadily increases to 1/0.43 for ν > 0.5. Bimodalization also increases the scale lengths of the resulting OV-fields by a factor 1/0.88 to 1/0.78. The predicted bimodal ν's can be seen as dashed reference lines in the relevant figures that follow. Input structure parameters a x , a z and ν vary with the experiments. The values that we mention for the input parameters in the text and in the figures (axes) to follow, are, in general, the effective values of the modal parameters, that is, those associated with the OV-fields. If the continuous parameters are to be discussed, we will mention this explicitly by using the subscript c.
We denote the estimated a x asã x and the estimated ν asν (Table 1 ). In the four figures summarizing the results, points denoting the values estimated for the OV-fields are denoted by square symbols, those estimated for the IC-fields by triangles. The dashed lines represent the predicted values and the two solid lines are linear regressions through the estimatedã x andν for the OV-fields and IC-fields, respectively. At this point, we would like to introduce two parameters U ax and U ν , which are the underestimation factors forã x andν of the IC-fields. Per IC-datapoint they are defined, respectively, as a x /ã x and ν/ν (the denominators being obtained from the regressed line). We also compute the uncertainties in the slope and intercept of the y = cx + d regression lines for the estimation datapoints. Using standard error propagation calculus, these uncertainties are propagated into the underestimation factors. Uncertainties in the estimates are summarized in 4 tables, 2 for theã x for OV-fields and IC-fields (Tables 2 and 3 ) and 2 for theν for the same fields (Tables 4 and 5 ).
The propagated uncertainties in the underestimation factors are plotted in the relevant figures as fine-dashed lines.
The subsections to follow deal with OV-and IC-field estimates for scale length, Hurst number, robustness and underestimation factors, respectively. Resultingã x ,ν, U ax and U ν are to be found in Figs 13-16. 
Numerical experiments results
Estimation of the horizontal scale length
In These parameters are chosen for a specific reason, namely that together with the given geometry and velocities, they parametrize a possible model for Ivrea type continental lower crust .
In all the experiments 1-8, a clear correlation between input scale length a x and estimatedã x appears for both OV-and IC-fields. These results are similar to those of Hurich & Kocurko (2000) .ã x for the OV-fields comes close to the predicted a x and also honours the modal mapping relations by Goff et al. (1994) . We attribute the slightly underestimated (OV)ã x with respect to the input values to the aforementioned band-limitedness in the large wavelength side. However,ã x for the IC is much lower than the predicted values, just as the analytical results showed. The vertical derivative seems to have a profound influence on the original horizontal scale length in the OV-fields. What is also important to mention, is that input a x has no apparent influence onã x , but a z and ν c do.
Estimation of the Hurst number
In the same experiments as described in the previous subsection, the Hurst number has also been estimated, displayed in Figs 14(1-8) . The clear correlation ofν with input ν is again present, as well as the proper modal mapping for the modal OV-fields, since the OV trend line coincides with the predicted line most of the time. Hurich & Kocurko (2000) see this relatively well resolvedν as well. The IC-fieldν's behave different, in general they are lower than predicted and they are also dependent on input a z and ν c , but not on input a x . The vertical derivative seems also to have a profound influence on the original Hurst number in the OV-fields. The strong trade-off betweenã x andν mentioned earlier, does not appear to have a major bias on the results, sinceν for the OV-fields is rather stable.
Robustness of the numerical results
As shown in the lower right corner of every Fig. 13 through 16 , experiment 8 deals with the robustness of the estimates and underestimations. Here, 100 OV-and derived IC-field realizations with the same input parameters are analysed, with resulting estimations. a x andν turn out to be accurately estimated, with small standard deviations in the intercepts on the y-axis (d and σ d in Tables 2 and 3 for Exp. number 8). More important, the estimates are realizationindependent.
Upscaling the estimates
Previous estimates ofã x andν for the OV-and IC-fields are converted to underestimation factors U ax and U ν . Figs 15 and 16 contain U ax and U ν , respectively (solid lines), with uncertainties (fine dashed lines). The influence of input a z and ν c on the factors is visible again, just as the lack thereof in the case of input a x . The small curvature of the U ax curve at low input a x (Fig. 15(1) ) could be due to sampling problems and also has a higher uncertainty than the rest of the curve.
An observed effect that needs special attention is the apparent decrease of estimated Hurst number with input ν c in Figs 14(3) and 16(3). We think that this increase is partly the influence of a z (Figs 14(2) and 16(2)) on estimated Hurst number, through modal mapping. Since input a zc maps to an increasing value of a z with increasing input ν c , just like a x , this could affect the observedν. Indeed, looking back at Fig. 14(2) we see that increasing a z causes decreasingν, and the curves of U ν in Figs 16(2) and (3) 
Summary of the numerical results
The most important observation that can be made from all of these results is that the factors U ax and U ν due to the vertical derivative operator are quite large and clearly dependent on input a z and ν. More specifically:
(i) The underestimation in horizontal scale length U ax (quasi-) linearly increases with input a z and decreases with input ν.
(ii) The underestimation in Hurst number U ν (quasi-)linearly increases with input a z and increases with input ν, although the latter probably occurs indirectly via the modal mapping of input a z . However, it must be noted that a only limited amount of combinations of input parameters have been used in the experiments. Because of this, the underestimation effects due to the input a z and ν cannot be fully separated from each other, since input a z and ν are related through modal mapping. Another observation that can be made is that the analytical results and numerical results agree very well. This gives us some confidence that the underestimation due to taking a vertical derivative in a stochastic field is not a mere modal mapping or discretization effect. 
Estimation of horizontal scale length and Hurst number from PRS
Preliminary to application of these ideas to deep crustal seismic data, we have generated Primary Reflectivity Section(PRS) data for some of the OV-fields used in the numerical experiments, and computedã x andν from these. An example of one PRS is shown in Fig. 17 of about 154-420 m. The other PRS's generated also use this Ricker source wavelet. IC-fields used for these PRS's were taken from the numerical experiment pool. a x andν were computed from three PRS's and compared to the estimations of the corresponding IC-fields and original fields. This is shown in Figs 18 and 19 (PRS data in star symbols), where the PRS results are superposed on Figs 13(1) and 14(1), respectively. Underestimation ofã x of the PRS's with respect to the OV-fields is present, not unlike observations made by previous authors (Hurich 1996; Pullammanappallil et al. 1997; Bean et al. 1999; Hurich & Kocurko 2000; Poppeliers & Levander 2004 ). However also, there is a strong correspondence between the estimations from the PRS's and from the IC-fields.ν is systematically higher for the PRS, which can be attributed to the limited bandwidth of the Ricker wavelet.ã x however is very similar to that of the corresponding IC-fields, although somewhat higher. From this, it would seem that the underestimation of scale length in the PRS's is mainly controlled by the vertical derivative operation implicitly present in the IC-field and hence also in the PRS. It is also affected by limited seismic bandwidth issues as described by Bean et al. (1999) .
D I S C U S S I O N
Working with discretized broad-band analytic functions always bears the risk of aliasing, edge effects and spectral leakage. These effects can bias the estimation of the horizontal scale length and Hurst number of the field and, therefore, produce false trends. An important question is in how far these sampling issues play a role in our experiments.
We have taken much care to ensure proper spatial sampling of the von Karman functions that we use, by considering only von Karman power spectra that have decayed (almost) to zero near the Nyquist wavenumber k N . This should make the roll-off of the spectrum, and therefore, the Hurst number of our fields, a robust parameter. The analytical and numerical results seem to support this;ν is, in general, accurately estimated with small (< 10 per cent) standard deviations.
Also, we used large fields to obtain sufficient sampling in the wavenumber domain, especially for the corner wavenumber k a and below. We seem to have succeeded only partially in this, as fields with small input a x have theirã x well estimated, whereas fields with greater input a x have a systematic underestimation ofã x and increasing spread therein. We think that this might indeed be an undersampling effect; if decreasing k a (because of increasing a x ) approaches the wavenumber sampling threshold at the lowest k 1 , the fitting of a x becomes less reliable. Also, the aforementioned finitesize/band-limitedness issues can contribute to this. Nevertheless, the results reported in this study were mostly obtained from OV-fields that are in the 'safe zone' as to sampling, and the underestimation effects due to the vertical derivative operation are certainly present in these.
Another factor that could bias the estimation of horizontal scale length and Hurst number of the OV-and IC-fields is the modal mapping of these parameters during bimodalization. As mentioned before, when going from Gaussian distributed velocity deviations in a continuous OV-field to bimodal deviations, a x and ν of the field get mapped to new values. If this mapping is erratic and different from predicted mapping relations, this could result in unknown bimodality influence in the estimations. However, the numerical results indicate that the mapping relations stated by Goff et al. (1994) are honoured by these results, with most of theã x andν mapping to the predicted values and trends. Thus, the modality does not seem to have unexpected influences. With one clear exception, namely the suspected contribution of modality to underestimation factor U ν in Section 4.4.4 and Fig. 16(3) . Furthermore, the strong trade-off that exists betweenã x andν in the L2-norm fitting procedure does not seem to be harmful to the estimation results because of the accurate estimation of the Hurst number, as stated above.
The influence of most important parameters on the underestimation factors has been modelled. However, some other important parameters have not been studied yet. For example, the effect of tri-modality on the estimations is not clear, and perhaps very unpredictable, because the modal mapping depends on the relative probabilities of the three different velocities in the field. This argument can be continued for the case of more than three velocities. Higher modal fields will likely be a better representation of lower crustal geology, therefore, underestimation from these fields needs research. Further, continuous von Karman fields may also be considered representative in certain situations. Also, although outside the strict scope of this paper, we have only taken a quick look at wavefield effects on underestimation, through PRS seismics. PRS is only an ideal seismic image that does not contain lateral bandwidth effects (as in migration), which may affect underestimation. An important step would be to model full viscoelastic wavefields and try with these to study the full transformation of von Karman statistics by the wavefield. This can perhaps be expressed in an advanced convolutional model for effects on underestimation. These ideas are currently under investigation by us.
Using statistical measures to estimate model parameters for the earth from seismic reflection data involves much seismic modelling to understand the relation between stochastic velocity fields and their seismic response. The results in this paper can have significant implications for the quantitative aspects of this relation. What is clear from the experiments that have been performed, is that the factor 3-6 of underestimation in horizontal scale length, as seen from synthetic seismic data of OV-fields in literature, lies in the range of our underestimation factors (2-22). The overestimation of the Hurst number from modelled seismic data cannot be explained with our results, as we see an underestimation of the Hurst number in general, so wavefield effects are probably responsible for this observation in synthetic seismic data.
C O N C L U S I O N S
Analytical and numerical experiments were done to explain and quantify the observed underestimation in horizontal scale length a x and Hurst number ν of synthetic seismic data with respect to the underlying von Karman velocity fields. Both sets of experiments agree very well in their general outcome; taking the vertical derivative of a von Karman velocity field has a profound influence on the estimated a x and ν of these fields. This leads to underestimation factors in a x from 2 to 22 and factors in ν from 1 to 3, with most standard deviations below 10 per cent. These factors span a range in which underestimation factors from seismic modelling (3-6), reported earlier in the literature, lie.
The roles of input a x , a z and ν in this underestimation are very distinct. Input a x is of no significant influence in the underestimation effects on a x and ν. However, underestimation has a strong (quasi-)linear dependence on the original a z and ν. With increasing input a z of the field, the underestimation in a x after taking the vertical derivative increases (quasi-)linearly and the underestimation in ν increases (quasi-)linearly as well. With increasing input ν of the field, the underestimation in a x after taking the vertical derivative decreases (quasi-)linearly and the underestimation in ν increases (quasi-)linearly. The limited number of numerical experiments makes the influence of input a z and ν on underestimation not completely separable, because input a z and ν are related to each other due to modal mapping. Therefore, the exact amount of underestimation in horizontal scale length and Hurst number due to input a z and due to input ν cannot be determined here, the results reported are effective underestimation factors.
Also, the estimations of a x and ν in the PRS's based on some of the IC-fields are very similar to a x and ν of the IC-fields themselves.
Modelling seismic data involves implicitly the vertical derivative operation on a velocity field. This fact, combined with the results in this study, suggests a large influence of the vertical derivative operator on the observed underestimation of scale length and Hurst number in synthetic seismic data. Observed scale length and Hurst number are further affected by the effect of limited bandwidth of seismic source wavelets. Spatial and wavenumber sampling effects can have their influence on the generated von Karman velocity fields and the estimates derived therefrom in this study. However, we think that most of our experiments carried out and conclusions drawn, therefore, are robust. We are currently investigating the application of these underestimation factors to actual seismic data from the lower continental crust.
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